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Abstract—Dynamic modulus (E) of concrete is an important strength parameter used in the design of many civil engineering structures. 
It is greatly influenced by variations in mixed design, curing condition, construction practice, and time [2]. 
The major objective of this study was to formulate statistical model to predict the dynamic modulus by using information about the above 
mentioned variation. For this purpose 6x12 inch cylindrical concrete samples of different mixed design were made and tested at different 
ages by the impulse load test. The data obtained was used for the development of this model that provides an indirect nondestructive 
testing procedure. The developed model is helpful to eliminate undue construction delays of newly constructed structural members. 
Moreover, the model is useful for reaching a mixed design quickly without making and testing many samples of differently mixed 
proportions, as recommended by ACI Standard 211.1. 

Index Terms— 
 

———————————————————— 

1 INTRODUCTION
HE primary objective of this study was to develop statisti-
cal model relating dynamic modulus with mixed design 
variables. In this work a total of 144 concrete samples of 

6x12 inch size were prepared and tested at different ages. A 
data base comprised of 528 data points was obtained from this 
work that was utilized in the development of this model. For 
this purpose multiple linear regression (MULTR), numerical 
optimization (NUMOPT), and Statistical Analysis Software 
(SAS), were used. The first two programs were written by 
McCuen (1992), whereas SAS is popular software available on 
the market. 

In the development of regression model, the first attempt 
is normally made to fit the data with a linear analysis because 
linear models are easy to apply and their statistical reliability 
can be assessed easily. Linear models may be rejected, howev-
er, for a number of reasons, theoretical or empirical. The rea-
son might suggest a non-linear model structure. Non-linear 
models may be classified as a power, polynomial, exponential, 
or some other complex model structure. 
In this work, a variety of different model structures were tried 
and prediction equations developed and compared for ration-
ality and reliability. The best amongst them was then selected 
for the final model. 

2 EXPERIMENT DESIGN 
This research was basically conducted to formulate the statis-
tical model to predict the dynamic modulus by using infor-
mation about the mixed design, curing condition, construc-
tion practice, and age. For this purpose, a total of 144 concrete 
samples of 6x12 inch were prepared and tested. The same size 
is recommended by ASTM for compressive strength (C31) 

and can also be used for dynamic modulus calculation [1]. In 
these samples a wide variation in properties was accom-
plished either by changing the mixed design, such as the 
coarse fine aggregate ratio (C/F), aggregate cement ratio 
(A/C), water cement ratio (W/C), maximum size of coarse 
aggregate (Max), curing time (Cur), or age of the samples. In 
fact, these are the variables that have an effect on concrete 
strength, as reported by Akhtar (1988). All six predictor vari-
ables were used in designing the experiment of this study. 

The main objective of the experiment design in this study 
was. 

(1) Collect enough data points (N). 
(2) Select the range of values for each predictor variable. 
(3) Select the number of points in each range. 
(4) Avoid inter-correlations between different predictor 
variables. 
The number of data points (N) plays an important role in 

the formation of a statistical model. The required number of 
data points depends upon many factors, such as replication 
effect, number of predictor variables, and number of points in 
each selected range of values. In a preliminary study [2], it 
was found that the impulse load test gave the same results for 
a sample tested many times at one age even by different op-
erators. Similarly, many samples made up of the same mixed 
gave the same results. Under these circumstances 144, con-
crete samples prepared in this study were tested at different 
ages in such a way that a total of 528 data points were ob-
tained. 

The next important step in the experiment design was to 
select the range of values for each of the predictor variables. In 
selecting these ranges, the main concern was to cover the max-
imum range of values possible within which that specific vari-
able could occur. However, this was not always the case, be-
cause of experimental or procedural limitations that played an 
important role in selecting this rang. As an example, according 
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to ASTM the maximum possible size of coarse aggregate for 
6x12 inch samples should not be greater than 2 inches. How-
ever, this is not the maximum possible size for coarse aggre-
gate. At this point, it is important to note that in coarse aggre-
gates each maximum size contains several other smaller sized 
aggregates. The selection of these aggregates was made ac-
cording to ASTM procedures. For this purpose all the coarse 
aggregates were sieved into different sizes such as 1.5 inch, 1.0 
inch, 0.75 inch, 0.375 inch, #4, #8, and #16. All of these sizes 
were weighted separately in such a way that the ASTM re-
quirement for coarse aggregate was met. Also, plotting the 
gradation curves the values of Cc (coefficient of concavity) 
ranged from 1.436 to 2.136 and the value of Cu (coefficient of 
uniformity) was close to 4 and thus well-graded requirements 
were fulfilled also. For the other variables, the same criteria 
for selecting the range of values were used. Table 1 gives the 
selected range of values and other points in that range for all 
six predictor variables. 

TABLE 1 
SELECTED RANGE AND OTHER POINTS FOR ALL PREDICTOR VARIA-

BLES 
 
 
 
 
 
 
 
 
 
 
 

The last criteria in designing the experiment of this study 
was to avoid the inter-correlation's between predictor varia-
bles. In fact, this was the most important criteria that could 
affect the rationality of the model. As an example, consider 
two predictor variables Xi and X2- Let the selected range for 
Xi be 2 to 8, and for X2 be 100 to 175. If 2,4,6, and 8 are the se-
lected points in the range of Xi and 100,125,150, and 175 are 
the selected points in the range of X2, the grid can be made. 
This grid is also known as a fractional. 

In an experiment design, if we select the values of xj and 
X2 exactly on the firm line, the inter-correlations between 
Xiand X2 will be unity. It can cause irrationality in the final 
model. On the other hand, if we select all the combinations of 
Xi and X2, i.e., the values at each intersection of the dotted 
line, our model will be rational. Moreover, as we increase the 
number of observations on each intersection point, the accu-
racy of the model will be increased [1]. 

Using the same principle, such factorials for all possible 
combinations of predictor variables were prepared. In each 
factorial 528 data points were used. These data points were 
obtained by testing 144 concrete samples at different ages. It 
is important to note that initially all 528 data points were di-
vided equally at all intersections of dotted lines, which is ide-
al. However, later by using the back and forth process, some 
small modifications to this ideal situation wefe made. The 
reason for these changes was the expectation of achieving 
minimum and maximum possible values of the criterion vari-

able. The factorials for all possible combinations of predictor 
variables with these changes. 

3 SAMPLE PREPARATION AND TESTING 
All concrete samples of 6x12 inch were prepared according to 
ASTM procedures. Single use moulds recommended by 
ASTM C470-8 1 were used. The maximum size of coarse ag-
gregate used in all of the samples was according to ASTM 
C192, which describes that the diameter of the samples shall 
be at least three times the maximum nominal size of the 
coarse aggregate. All of the samples were made according to 
the ASTM C 192-81 procedure. For testing of these samples 
impulse load test was selected due to following reasons: 

• Test method is simple and quick to perform (Akhtar, 
1988). 

• It predicts the effect of variables that can affect the 
proties of concrete (Akhtar, 1988). 

• It has been used successful to detect and locate flaws 
and cracks in concrete samples 
(Carino, 1986). 

• It is currently being adapted for field use (Carnio, 
1986). 

• Its accuracy can be checked by the coherence function 
(Akhtar, 1988). 

• It can test larger structures by using larger sized 
hammers. 

Testing arrangement of Impulse Load Testconsists of a 
hammer, an accelerometer, and a Fast Fourier Transfer (FFT) 
signals analyzer. In this arrangement an impulse load is pro-
duced by striking the surface of a concrete sample with a 
hammer and response is measured in either the time domain 
or the frequency domain. However, the responses from the 
frequency domain are more consistent [2] and therefore, were 
used in this work. 

In the frequency domain, the resonant or the natural fre-
quency of the concrete sample is determined from the peak 
value of either the transfer function or power spectral density 
function [2]. This resonant frequency is then used to calculate 
the dynamic modulus. For longitudinally vibrated samples 
having free-free condition, the following equation can be 
used [5]: 

= 4(y/g)fn2L2 
Where 
fii = natural frequency of the sample for the first mode of 
vibration (Hz) 
L = length of the sample (inch) 
g = acceleration due to gravity (ft/sec2) 
y = unit weight of the sample (lb/ft3) 

4 DEVELOPMENT OF MODEL 
The main purpose of this study was to develop a model that 
relate thedynamic modulus from the impulse load test with 
the mixed properties, curing condition, and age of the con-
crete. The data base used for the development of this model 
had 528 data points. 

For the development of this model both linear and non-
linear model forms were tried (Table 2). Among these models 
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the one represented by A-l was developed using the MULTR 
program. This model is linear in nature and was checked for 
rationality and reliability. 

As for as rationality of a model is concerned it can be 
checked from its value of determinant of correlation matrix 
and standardized partial regression coefficient (t). Table 3 

shows the corresponding correlation matrix and the value of 
the determinant. Since this value is 0.51, the developed model 
seems to be rational. Table 4 shows the values of't' and the 
corresponding R2 for this equation. Since these values of 't' 
are less than 1.0 in absolute value, the equation does not show 
any irrationality. 

 
 

TABLE 2 
SUMMARY OF REGRESSION MODELS FOR MODEL 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

TABLE 3 
CORRELATION MATRIX AND ITS DETERMINANT FOR MODEL A-1 
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TABLE 4 
STANDARDIZED PARTIAL REGRESSION COEFFICIENT (T), R AND R2FOR MODEL A-1 

 
 
 
 
 
 
 
 
 
 
 
 
 

The model was checked for its reliability using the value 
of R2, the standard error of estimate (Se), and the degree to 
which the assumptions for residual analysis were met. The 
value of R2 is applicable for the linear model form only. 
However, for non-linear model forms the corrected value of 
R2 was computed in this study. The value of R2 for this linear 
model form was 0.86.The second factor for assessing the reli-
ability is the standard error of estimate. This factor can also 
be viewed in the form of Se/Sy. The value of Se/Sy for this 
equation was 0.38. 

The plots for constant error varieties and their distribu-
tion for this equation were prepared. The plots indicate that 
the condition of constant error variation along with normal 
distribution is fairly fulfilled. The value of mean of errors or 
biasedness for this equation is essentially zero, which is one of 
the criteria used in selecting our final model. At this stage, it is 
appropriate to mention that a positive value of biasedness 
indicates over prediction of the developed model. Similarly, a 
negative value shows under prediction. 

For the verification of the developed model a plot of ac-
tual versus predicted values of criterion variables is also 
drawn. The corresponding plot shows that the equation does 
not predict well at lower observed values of the criterion var-
iable. For this reason other model structures represented by 
A-2, A-3, A-4, and A-5 were tried. A-2, is a power model, 
whereas A-3 was developed to provide more flexibility. 
Models A-4, and A-5 were tried with some functional forms 
that account for the value of criterion variable becoming al-
most constant after a certain age. However, in all of these 
model structures more or less the same problems of over pre-
diction at lower values of criterion variable was observed. 

Finally, a comparison of these different model forms was 
made. It was found that the prediction of A-5  was better than 
the other model forms. Therefore, this model form was se-
lected for further analysis. This analysis was based on com-
posite modeling in order to handle the situation of over pre-
diction at lower values of criterion variable. 

A turning point was selected at 3.5 million psi. Once this 
point was selected, the following composite model structure 
was selected for further analysis: 
 
𝐸 =  𝑎𝑎 +  𝑎,∗  [𝐴𝐴𝐴/(𝑙 − 𝑎2 ∗ 𝐴𝐴𝐴)]  + 𝑎3  ∗  𝐶/𝐹 +  𝑎 ∗ 

∗  𝐴/𝐶 −  𝑎5  ∗  𝑊/𝐶 +  𝑎, ,∗  𝑀𝑎𝑀 + 𝑎7  
∗  𝐶𝐶𝐶 

 
If E (calculated from the above Equation) < 3500000 psi, then 
calculate Ejected by using the following equation. 

 
𝐸𝐸𝑎𝐸𝐶𝐸𝐸𝐴𝐸 =  𝐸 −  𝑎8[3500000 −  𝐸] 

 
Statistical Analysis Software (SAS) was used to make an 

initial estimate of the coefficients of the proposed composite 
model structures. Later these initial estimates were used by 
NUMOPT to develop the final Model, given by the following 
equation. 

𝐸 =  37481300 +  538505000 ∗  [ 𝐴𝐴𝐴/( 1
− 17.7942 ∗  𝐴𝐴𝐴)]  +  14295 
∗  𝐶/𝐹 +  281192 ∗  𝐴/𝐶 − 

61588.5 ∗  𝑊/𝐶 +  105851 ∗  𝑀𝑎𝑀 +  17495.2 
∗  𝐶𝐶𝐶 

 
If E (calculated from Equation 4) < 3500000 psi, then cal-

culate ECOIKCKd by using the following equation. 
 

𝐸𝐸𝑎𝐶𝐶𝐴𝐸𝐸𝐴𝐸 =  𝐸 −  1.0821 [3500000 −  𝐸] 
 

In this Model, 
 E = Dynamic modulus of concrete (psi) 
 Age = Age of concrete sample (days) 
 C/F = Coarse aggregate/fine aggregate ratio 

A/C = Aggregate (coarse aggregate plus fine aggre-
gate)/cement ratio 
W/C = Water/cement ratio 
Max = maximum coarse aggregate size (inch) 
Cur = Curing time (days) 
 
The value of R2 for the developed Model is 0.808. The 

values of Se/Sy and relative biasedness for this model are 
0.35 and 0.00. The term relative biasedness is defined as the 
ratio of mean errors to the mean value of criterion variable. 
The measured values of criterion variable for this model 
range from 2,768,428.0 to 6,423,247.0 psi. 

The plots for errors and their distribution for the devel-
oped Model was prepared. These plots indicate that the condi-
tions of constant error variation along with the normal distri-
bution of errors are fairly fulfilled. For further verification, the 
plot of actual versus predicted values of the criterion variable 
was also drawn. Which is again helpful for verification of the 
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developed Model. 
In the developed Model, if we want to see the effect of 

each predictor variable, it is clear that the value of dynamic 
modulus increases by increasing Age, C/F, A/C, Max, and 
Cur. However, W/C has an inverse effect on the 'E' value. 

As far as the verification of these results is concerned, 
Neil (1987) has stated that by increasing C/F, A/C, and Max, 
the dynamic modulus of concrete increases. The dynamic 
modulus of concrete also increases with an increase in age 
and curing time at early stages of hardening due to comple-
tion of the hydration process (Samarai, 1983). 

As mentioned before, in the developed Model, the dy-
namic modulus decreases with the increase in W/C ratio due 
to voids or space that are left after excess water has been re-
moved. The percentage of these voids, which controls the 
properties of concrete, is directly related to the W/C ratio. 
Therefore, as the W/C ratio increase, the percentage of voids 
increases and thus the strength decreases. 

At this stage it is important to mention that in the early 
stage of hardening the temperature also has some effect on 
the '£' value (Neville, 1987). However, due to availability of 
only one curing room all the work of this study was per-
formed at room temperature. 

5 SENSITIVITY ANALYSIS OF THE FINAL MODEL 
Sensitivity analysis is a powerful tool to understand the sys-
tem and the relative importance of the predictor variables. In 
simple linear or power models, the relative importance is 
generally assessed by the magnitude of their corresponding 
R2. However, this criteria does not work for polynomial, ex-
ponential, or complex model structures. One of the possible 
solutions to nonlinear model forms is to generate data that 
reflects the sensitivity of criterion variable relative to predic-
tor variables. This was applied in the developed Model. In 
this model the effect of each predictor variable was found by 

keeping the other variables at some constant value. For sim-
plicity, the mean value of each predictor variable was used for 
this purpose. These mean values along with all the other se-
lected values of each predictor variable are given in Table 5. 

Using the developed model, a data set was generated by 
changing each predictor variable from minimum to maxi-
mum, while keeping the other variables constant. Table 6 pre-
sents these results, which indicate that under these condi-
tions, the W/C ratio is the most important variable of the de-
veloped Model. A/C is slightly important. Age is slightly 
important for low values of age. C/F, Max, and cur are unim-
portant. These results are consistent with R2 values of the 
linear model presented in Table 4 and are thus helpful for the 
verification of the final Model. 

In order to plot the values of Table 6 the values of predic-
tor variables were normalized by using the minimum value 
of each predictor variable as the zero point and the maximum 
value set as 100 percent. Values within the range were pro-
portioned linearly and expressed as a percentage. It is clear 
that the dynamic modulus increases with age, however, after 
a certain age it becomes almost constant, which again sug-
gests that the model structure used in the development of the 
final Model was correct. 

6 CONCLUSIONS 
The developed model of this work is rational, reliable and un-
biased. It can be used for the determination of 'E', at any age 
(up to 56 days) and curing time, with a known mixed design. 
This model is helpful in reaching a mixed design quickly wit 
out making and testing many samples ofdifferent mixed pro-
portions, as recommended by ACI Standards 211.1. Since age 
is one of thepredictor or independent variable in this model, it 
is helpful in eliminating undue construction delays of newly 
constructed structural members. 

 
 
 

TABLE 5 
MEAN, MINIMUM, MAXIMUM AND OTHER DATA POINTS FOR PREDICTOR VARIABLES OF THE DEVELOPED MODEL 
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TABLE 6 
RESULT OF RELATIVE IMPORTANCE FOR ALL PREDICTORS VARIABLES OF THE DEVELOPED MODEL 
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